Atmospheric pressure radio-frequency (rf) capacitive micro-discharges are of interest due to emerging applications, especially in the bio-medical field. A previous global model did not consider high-power phenomena such as sheath multiplication, thus limiting its applicability to the lower power range. To overcome this, we use one-dimensional particle-in-cell (PIC) simulations of atmospheric He/0.1%N 2 capacitive discharges over a wide range of currents and frequencies to guide the development of a more general global model which is also valid at higher powers. The new model includes sheath multiplication and two classes of electrons: the higher temperature 'hot' electrons associated with the sheaths, and the cooler 'warm' electrons associated with the bulk. The electric field and the electron power balance are solved analytically to determine the time-varying hot and warm temperatures and the effective rate coefficients. The particle balance equations are integrated numerically to determine the species densities. The model and PIC results are compared, showing reasonable agreement over the range of currents and frequencies studied. They indicate a transition from an α mode at low power characterized by relatively high electron temperature T e with a near uniform profile to a γ mode at high power with a T e profile strongly depressed in the bulk plasma. The transition is accompanied by an increase in density and a decrease in sheath widths. The current and frequency scalings of the model are confirmed by the PIC simulations.
Introduction
Atmospheric pressure radio-frequency (rf) micro-discharges have been extensively studied due to emerging applications in the bio-medical and materials processing fields. Although not hard to implement experimentally [1] [2] [3] [4] [5] , diagnostics are difficult due to their small size, leading to a need for efficient and accurate numerical modeling. Since many species and reactions are involved, global models with averages over space and time are useful for their computational efficiency [6] [7] [8] . Alternatively, spatial variation can be considered in onedimensional (1D) fluid or fully kinetic particle-in-cell (PIC) simulations [9] [10] [11] [12] [13] [14] [15] [16] , but the increased complexity leads to increased computation times and limits the parameter range. Recently, a review of atmospheric pressure plasma modeling and experiments has appeared with extensive references [17] .
In a previous work [18] , a fast hybrid analytical-numerical global model was developed to simulate atmospheric pressure rf discharges. In the model, the ion density n i is assumed to be uniform over the gap width l while the electron density n e is uniform with n e = n i over a cloud of width d = l − s m , where s m is the maximum value of the oscillating sheath width. An analytical solution of a current-driven homogeneous discharge yields the space-and time-varying electric field E(x, t) and the oscillating sheath width s(t). An ohmic power balance is then used to find the time-varying electron temperature T e (t) on the rf timescale. An analytical average over an rf period yields the effective electron rate coefficients used in the particle balance equations, which are numerically integrated to find the global species densities. The model results were compared with 1D fluid calculations [14, 15] for atmospheric He/0.1%N 2 and He/0.5%O 2 discharges with discharge gap l = 1 mm and rf driving frequency f = 13.56 MHz over a relatively low power range S abs = 3-33 kW m −2 . The neutral and charged particle densities and reaction rates mainly agreed within a factor of two, becoming less accurate at the higher powers.
At high powers, the sheath electric fields can be large enough to produce avalanche multiplication of electrons created either by ion-impact secondary emission from the electrodes, or by metastable electron-ion pair production within the sheaths. These processes produce a higher temperature 'hot' electron group which is neglected in the global model [18] , thus limiting its application to the lower power regime. Other model inaccuracies can arise from neglecting spatial variations. For example, the high fields in the sheath regions lead to higher metastable densities in the sheaths.
In this paper, we perform 1D PIC simulations of a capacitive atmospheric pressure He discharge with trace amounts of N 2 , over a wide range of input currents and frequencies. Both time-averaged as well as space-and timevarying PIC diagnostics are available to provide a detailed description of the physics. We use the results to guide the development of an improved global model applicable to the higher power regimes. The improved model includes sheath multiplication and two classes of electrons: the higher temperature hot electrons associated with the sheaths, and the cooler warm electrons associated with the bulk. In addition, a separate Child law (CL) sheath calculation is performed to determine the ion wall loss flux w .
In section 2.1, the PIC method is described, and the choice of species and reactions is discussed. In section 2.2, we present and discuss PIC simulation results of a 1 mm gap atmospheric He/0.1%N 2 discharge for the base case of applied frequency f = 27.12 MHz. PIC results at f = 13.56 MHz are also presented and compared with the base case. In section 3, we present the improved global model. In section 4, the global and PIC results are compared for a wide range of input rf current densities and frequencies. The results are explained in terms of the analytical scaling, and differences are discussed. In section 5, we present the conclusions.
PIC simulations

PIC code description
Kinetic PIC simulations obtain the fields, particle densities and fluxes self-consistently from first principles, without making any assumptions about the particle temperatures or velocity distributions. The simulations were conducted using the planar bounded plasma electrostatic 1D3v code XPDP1 [19, 20] . In the code, each computer particle represents a cluster of 10 6 to 10 8 real particles (e.g. electrons, ions or metastables). For each computer particle, XPDP1 tracks the (1D) displacement in the axial (x) direction and the velocity components in all three directions (3v). The simulation is run with a sufficient number of particles to minimize the discrete particle noise; i.e. N c , N D 1, where N c and N D are the number of particles per cell and the number of particles per Debye length (λ D ), respectively. The neutrals in XPDP1 are assumed to form a constant and uniform background gas with a fixed temperature. Collisions between the particles and the background gas are included in the simulations using a Monte-Carlo collision (MCC) algorithm. A description of the null collision method used in our code is given in [20] .
In a typical electrostatic PIC simulation, for each timestep t, (i) particles are linearly weighted to the spatial grid to obtain the charge density ρ j at the grid points, (ii) ρ j is used in Poisson's equation to solve for the electric field E j at the grid points, (iii) E j is linearly interpolated to each particle position x i to determine the force F i on each particle, (iv) the Newton-Lorenz equation of motion is used to advance the particles to new positions and velocities via an explicit leap frog integration scheme, (v) boundaries are checked and out of bound particles are removed while injected particles such as secondary electrons are introduced, (vi) a MCC handler, using the null collision method, checks for collisions and adjusts the particle velocities and numbers accordingly.
To ensure the stability and accuracy for the leap frog method, the timestep t must resolve the electron plasma frequency ω p ≡ (e 2 n e / 0 m e ) 1/2 while the grid spacing x should be of the same order as the electron Debye length λ D ≡ ( 0 T e /en e ) 1/2 . To ensure the accuracy of the null collision method, t must be small enough that the probability of more than one collision per particle per t is low; i.e. ν max t 1, where ν max is the maximum collision frequency of the simulated discharge. This last constraint is typically the most important when determining t for high-pressure atmospheric discharges.
For efficient PIC simulations, we used a simplified model of an He gas discharge with trace amounts of N 2 with only three species: electrons, N The He/N 2 reaction rate coefficient set in [18] is used to develop the simplified PIC cross-section set.
(1) e + He → e + He, elastic scattering (2) e + N 2 → e + e + N The cross-sections for reactions (1) , (2) and (5) are from the Morgan cross-section data from the LXcat internet database [21] . We chose the Morgan data set since it provided both the metastable and total excitation cross-sections for He, whereas the other data sets only provided the total excitation. The cross-sections for reactions (3), (6) and (7) are deduced from the reaction rate coefficients K(T e ) in [18] 
1/2 with B 0 = const and gas temperature
The cross-section for reaction (4) is estimated using the N + 2 mobility in He in [18] : Figure 1 shows the PIC cross-sections versus incident particle energy E for (a) electron-neutral and electron-ion recombination collisions and (b) ion-neutral and metastable-neutral collisions. Note that to avoid infinite cross-sections at low incident energies when a cross-section σ ∝ 1/v ∝ 1/E 1/2 , we choose a cutoff energy E c = 0.1 eV for electrons and E c = 0.01 eV for metastables and ions such that the cross-section is a constant below E c .
A previous work [12] showed that for He/0.1%N 2 discharges, the dominant positive ion is N [12] may lead to modifications of the discharge dynamics deep within the region of γ mode operation.
The time-averaged temperature profile T j for each species at each grid point j is calculated by
Here, the angular brackets denote a time-average while the overlines denote averages over the particles weighted to grid point j . For 1D symmetric parallel-plate rf discharges, the oscillating sheath edge positions for the sheaths at the two opposing walls have the same amplitude and rf period, but are 180
• out of phase. At each timestep, the instantaneous sheath edge positions are determined by calculating the ratio of n e /n i , starting at the center of the discharge and proceeding toward each sheath region. For each sheath, the sheath edge position s(t) is taken to be the position where n e /n i = 1/2. The maximum sheath width s m is the maximum distance of the sheath edge s(t) from the adjacent wall over an rf period.
PIC simulation results
Simulations were conducted for an rf capacitive atmospheric pressure (p = 760 Torr), room temperature (T g = 0.026 V) He/N 2 discharge with a gap length l = 1 mm and plate area A = 1 cm 2 . We fixed the N 2 fraction at 0.1% and assumed an ion-impact secondary electron emission coefficient γ of 0.25 [14] . This value for γ is based on [14] , taking into account both the ions and the metastables. Since the global model (discussed in the next section) assumes a current source, the PIC simulations also use a current source to drive the discharge. The input rf current density amplitude was varied from J = 400 to 6000 A m −2 . The applied rf frequency ranged from f = 13.56 to 40.68 MHz. The global model in a previous work [18] showed that the sheath width s m increases with decreasing frequency, so that narrow gap discharges are harder to maintain for lower frequencies where s m approaches l/2. We chose an intermediate frequency of 27.12 MHz for the base case to avoid this limit.
The timestep t and the grid spacing x were chosen to satisfy the constraints listed above in section 2.1. For all the cases, we chose a timestep t = 1.4 × 10 −13 s in order to satisfy ν max t 1. The grid spacing x for each case was chosen so that x ≈ λ D . For the low power, low density case of J = 400 A m −2 at 27.12 MHz, x = 10 −5 m, whereas for the high power, high density case of J = 6000 A m −2 at 27.12 MHz, x = 8.3×10
−7 m. On a moderate 2.2 GHz CPU workstation with 8 GB of memory, the low-density case took about 3 h to reach convergence while the high density case took about 20 h.
Figures 2 and 3 show time-averaged PIC diagnostics for the base case and for 13.56 MHz, respectively. The left column shows the results for a low-power case at J = 400 A m −2 , and the right column shows the results for a high-power case at J = 2000 A m −2 . The diagnostics include the time-averaged charged particle and metastable densities and temperatures as well as the EEDF in the 'middle' and 'edge' regions of the discharge. We define the 'middle' as the region between x = 0.4 mm and 0.6 mm and the 'edge' as the region between x = 0 and 0.2 mm. The 'edge' EEDF can be associated mainly with the hot-electron group in the sheaths while the 'middle' EEDF can be associated with the warm electron group in the bulk. The two dotted vertical lines denote the positions of the maximal sheath edge locations at x = s m and x = l − s m , respectively. The PIC results for the collision rates (not shown) reveal that the He * -impact ionization of N 2 (i.e. Penning ionization) dominates over the electron-impact ionization of N 2 at both low and high powers and low and high frequencies. The high-energy tail of the EEDF above 20 eV is responsible for generating the He * , which in turn generates most of the ionization. Most of the ion flux is generated in the sheaths, and the ion flux s entering the sheath at x = s m is much smaller than the ion flux w at the wall.
We see from figures 2 and 3 that the sheath widths increase with decreasing frequency and decreasing power. In figure 3(a) , we see that s m approaches l/2 = 0.5 mm at f = 13.56 MHz and J = 400 A m −2 . However, due to the high collisionality, the discharge can be maintained even in the absence of a quasi-neutral bulk region. At low powers, the electron temperature is fairly uniform, but the production of metastables is still mostly in the sheaths, as consistent with the comparison of EEDFs for the 'middle' and 'edge' electrons in figure 2(e). When comparing the lowpower density profiles in figure 2(a) with those in figure 3 (a), we see that the sheaths are smaller in the 27.12 MHz case compared with the 13.56 MHz case, but the charged particle densities are quite similar. There is an increase in absorbed power from S abs = 1240 to 1830 W m −2 as the frequency is decreased from 27.12 to 13.56 MHz for J = 400 A m −2 . The metastable densities are larger at 13.56 MHz, as will be explained by the balance equations in section 3. The Penning ionization is larger at 13.56 MHz due to the balance against larger wall losses. The ratio s / w (not shown) is smaller at 13.56 MHz compared with 27.12 MHz, indicating less charged particle production in the plasma core at the lower frequency.
As seen in figures 2(d) and 3(d), at higher powers, the electron temperature drops in the bulk region and the warm bulk electrons become much cooler than the hot sheath electrons. In the high-power regime, the discharge is maintained by the hot sheath electrons, as the warm bulk electrons become too cold to create metastables. The avalanche multiplication of electrons in the sheaths concentrates the metastable densities in the sheath regions where the electrons are hot enough to excite the He atoms. Also, the higher electron and ion densities in the quasi-neutral core lead to increased electron-ion recombination, accounting for the dip in the densities toward the center. Comparing the high-power density profiles in figure 2(b) with those in figure 3 (b), the profiles are similar but the density at 27.12 MHz is roughly half that at 13.56 MHz. This is mainly due to the higher T e at 27.12 MHz, as will be explained in section 3. The effects of both electron multiplication in the sheaths and electron-ion recombination in the core are clearly in evidence. We note from the EEDFs in figures 2(e) and (f ) that the tails of the distributions, which are the dominant source of the He * generation, are in the sheath regions. This fact will be important in the model construction. Figure 4 shows 2D contour plots of the rates for electronimpact excitation of He to He * (metastable excitation) and He * -impact ionization of N 2 (Penning ionization) for the base case of 27.12 MHz. The vertical axis shows the spatial variation across the gap while the horizontal axis shows the time variation over an rf period. The left and right columns show the results for the low and higher power, respectively. In figure 4 (a), we see that the metastables are created when and where the electron density and temperature are both high. The metastables created in figure 4(a) provide the ionization source in figure 4 (c). The metastable excitation is localized in time while the Penning ionization is nearly uniform in time because the metastable lifetime is much longer than the rf period. In figure 4 (b), the higher sheath field and lower bulk electron temperature at higher current (power) move most of the electron excitation to within the sheath regions. The electric field profiles over half an rf period, corresponding to the low-and high-power cases shown in figures 4(a) and (b) are shown in figure 5(a) and (b), respectively. At low powers, the maximum bulk field is about 1/3 of the maximum field at the wall while at high powers, the bulk field is small due to the high density. This effect is captured by the previous global model [18] and has been discussed in [16] . The implication is that even at the lowest power in the base case, most of the metastable production corresponds spatially to the high-field sheath regions. 
Two temperature homogeneous discharge model
In this section, we extend the previous homogeneous discharge model [18] to incorporate two electron components: warm electrons created in the low-field discharge region and hot electrons created in the high-field sheath region. A summary of the previous model is given in appendix A. The hot-electron energy relaxation length is λ = (λ elas λ inel /3) 1/2 , with λ elas and λ inel the elastic and inelastic electron-neutral mean free paths. A typical hot electron has λ of order 50 µm, much smaller than the typical gap size (l ∼ 1 mm). Therefore, hot electrons created in the sheath do not significantly penetrate into the central plasma region. Since the metastable creation depends mainly on the hot component, the metastable density is taken to be within the sheath regions, as confirmed by the PIC simulations.
Two-temperature model assumptions
The assumptions are the following.
(a) The positive ion density n i is uniform over the gap width l in the equilibrium model, except when determining the wall flux in (f). (b) The electron density is equal to n i over a 'cloud' width d = l − s m , and the maximum sheath width in the homogeneous model is s m = 2J /(eωn i ) with ω the radian frequency. (c) There are two electron populations: a uniform warm component (density n e , temperature T e ), produced in the low-field region of the discharge within the oscillating electron cloud, and a small hot component (temperature T h > T e ), produced in the high-field sheath regions exterior to the oscillating cloud. The hot component density n h (averaged over the width of the cloud) is assumed to be much smaller than n e .
(d) The fields and sheath oscillation are determined using the homogeneous model [18] . (e) Two helium metastable density profile models are examined. In both cases, the metastable density is assumed to be zero within the bulk plasma and equal to n m0 at the sheath edges (x = s m and x = l − s m ). Then, the metastable density is either uniform in the sheath regions or falls linearly to zero at the walls. The average metastable density (over the gap width l) is then either
The ion flux w lost to a wall is determined from a constant mobility rf CL that includes the uniform or triangular ion source profiles within the sheath; a collisional Bohm criterion [22] is used to join the sheath to the plasma. (g) The oscillating temperature T e (t) of the warm component is determined by equating the ohmic power to the collisional losses, using the Maxwellian elastic and inelastic rate coefficients for the warm electrons [18] . (h) The oscillating hot component temperature T h (t) is found from a kinetic calculation [23] , using the space-and timevarying sheath electric field. The hot electrons are also assumed to have a sinusoidally oscillating temperature T h (t), in general different from (and larger than) the sinusoidally oscillating temperature T e (t) of the warm electrons. (i) The time-average rate coefficients for the warm and hot activated electron reactions are found by averaging over the oscillating temperatures. The electron-activated reaction rates from the two classes of electrons are summed to determine the total reaction rates used in the particle balance equations. (j) The multiplication factors M γ for ionization by secondary electrons and M P for Penning ionization in the sheath are calculated using the homogeneous model expressions for the time-varying sheath motion and the space-and timevarying electric fields.
Model equations
The hot component density is determined from the hot-electron balance. Because the Penning ionization rate is slow compared with the rf frequency, only the part of the Penning ionization that occurs in the time-varying high-field region of the sheath, and their multiplication products, result in the production of hot electrons. All of the secondary electrons, and their multiplication products, are taken to be hot. With these assumptions, the equilibrium hot-electron balance is
where K P is the Penning ionization rate coefficient, f e is the Penning fraction produced in the time-varying low-field region of the sheath, γ is the secondary electron emission coefficient from the walls, K hiz and K hm are the hot-electron ionization and metastable excitation rate coefficients, and K hi is the hot electron-ion recombination rate coefficient. We use f e = 1/2, because the low-field electron cloud penetrates into the sheath region half the time for the homogeneous model. The two terms on the left-hand side give the hot-electron production due to Penning ionization and secondary electron creation, respectively, including their multiplication products. The terms on the right-hand side give the loss of hot electrons to the colder component by ionization, metastable production and recombination. With the rate coefficients determined from the average electric fields in the high-field sheath regions, (2) determines the hot density n h in terms of the other variables.
The positive ion balance is
where K iz is the warm electron ionization rate coefficient, and K ei is the warm electron-ion recombination coefficient. The first and second terms on the right-hand side give the ion creation due to secondary creation and Penning ionization, including their multiplication products. The third and fourth terms give the direct ionization, and the fifth, sixth and seventh terms give the wall losses and the electron-ion recombination losses.
The helium metastable balance is
with K 3 the rate coefficient for metastable loss due to three-body recombination and D m the metastable diffusion coefficient for loss to the walls. The wall flux w is determined from an ion transport model. In previous work [18, 24] we used w = µ i n iw E w , with µ i the ion mobility, n iw the ion density at the wall and E w the time-average electric field at the wall. Based on fluid simulation results, we chose a reasonable, but somewhat arbitrary, wall density n iw = n i /2. In this work, we calculate the wall flux self-consistently from a collisional CL rf sheath model, including a source of ions within the sheath. Joining this sheath solution to the bulk plasma at the plasma-sheath edge, determined from a modified Bohm condition, yields the flux (appendix B, equation (B16))
where E s = T e /N λ Ds and E w = J /ω 0 are the timeaverage electric fields at the joining position and at the wall, respectively, with λ Ds the electron Debye length at the joining position, and n is = n i , the ion density in the homogeneous model. As discussed in appendix B, the Bohm sheath coefficient is chosen to be N = 5. This corresponds to the E s values seen in the PIC simulations, but the results are not sensitive to the particular choice since w is a weak function of E s in (5). Substituting for w , together with the definitions of E s and E w , from (5), into (2) and (3), and using (2) to eliminate n h from (3) and (4), we have two equations to be solved for the equilibrium densities n i and n m , once the reaction rates and multiplication factors are known.
Hot electron and multiplication dynamics
To find the time-and space-averaged hot-electron temperature and rate coefficients, we use a Bolsig+ kinetic calculation [23] for the He/N 2 mixture with the Morgan cross section set [21] to determine the ionization rate coefficient K hiz , the metastable excitation rate coefficient K hm , the mean electron energy E e , and the first Townsend coefficient α as a function of E/n g , with n g the gas density. The quantity K hiz n N 2 + K hm n He , the sum of the hot-electron loss frequencies to the background gas, appears on the right-hand side of the hot electron balance (2) . Introducing an effective rate coefficient
we first determine a fit to K eff as a function of E/n g in Td (1 Td = 10 −21 V m 2 ) for the typical fields present in the high-field sheath regions and for the specific fractions (0.1% and 0.3%) of the minority N 2 species. From the Bolsig+ calculation, a good fit for 10 E/n g 300 Td is found to be a power law K eff = B eff (E/n g ) q . For He/0.1%N 2 , B eff = 7.50 × 10 −17 and q = 1.975; for He/0.3%N 2 , B eff = 1.206 × 10 −17 and q = 2.12. Next we do the space averaging. The peak time-varying electric field in the sheath at the wall is
where J is the rf current density and κ I (see appendix A) is the imaginary part of the plasma relative dielectric constant. Within a homogeneous sheath, E ∝ x, and the space-average of K eff over the oscillating sheath gives
Letting K eff = B eff (E max /n g ) q and K eff,peak = B eff (E peak /n g ) q , then from (8), we can solve for the space-averaged maximum (in time) electric field E max in terms of E peak , obtaining
1/q . Introducing T hmax = 2E e /3, we obtain a good fit to an Arrhenius form K eff = A eff exp(−C eff /T hmax ). Inverting this yields the space-averaged maximum (with respect to time) temperature of the hot electrons in the high-field sheath region. For the time-averaging, we assume that the sheath electron temperature T h oscillates sinusoidally in time, with a maximum value T hmax and a minimum value of near zero. Therefore, we calculate the time-average effective rate coefficient K eff for the hot electrons in the usual way [18] 
as done for the warm electrons (appendix B, equation (A11)).
Using (9) in (2), we solve for the density n h (averaged over the cloud width d) of the hot electrons. Using T hmax , we determine all the time-average hot-electron rate coefficients. Note that the rf and dc components of the sheath field were not separately used in the Bolsig+ calculations. We determine the secondary electron and Penning multiplication factors M γ and M P using a fit to the first Townsend coefficient α(x, t), which is the number of electron-ion pairs generated per meter by the multiplication process [25] . We use a fitting function that works over a wide E/n g range [26, p 56] 
The results for He/0.1%N 2 are A = 2.3916 × 10 −20 m 2 and B = 27.6142 Td 1/2 for 10 < E/n g (Td) < 300. The space-and time-average secondary electron multiplication factor can be written as
where x = 0 at the wall and x = s m at the plasma-sheath edge. The sheath oscillation s(t) and the sheath electric field E(x, t) are found from the homogeneous discharge model solution (appendix A, equations (A2) and (A3)). Substituting (A3) into (10), and then (10) and (A2) into (11), we determine M γ as a function of n e and s m . The integrations in (11) are done numerically. The electron density and maximum sheath width are determined from the homogeneous model sheath equations during integration of the differential equations for the particle balances in the discharge. The distributed Penning source in the sheath leads to a more complicated expression for the Penning multiplication factor
where the normalized source distribution is G(x ) = 2 for a uniform profile and G(x ) = 16x /3 for a triangular profile that falls to zero at the wall. Again the integrations are done numerically. Note that the no-multiplication condition is M γ = M P = 1.
Collapse of the warm temperature
A notable feature of the PIC results is the transition from a relatively high temperature in the plasma bulk at low rf currents to a strongly depressed temperature at high currents. This collapse of the electron temperature in the central discharge core is analogous to the traditional α to γ mode transition [25] in low-pressure discharges, but the main mechanism is Penning ionization rather than secondary emission. At high currents the hot-electron multiplication processes in the high-field timevarying sheath region replace the warm electron Penning production in the low-field cloud, thus supplying the required ion wall losses. To see this we use a simplified model neglecting small terms in the particle balances, including direct ionization, electron-ion recombination, metastable diffusion to the walls, and three-body metastable loss. The hot-electron temperature T h is set by the sheath electric field, which from (7) scales as E ∼ J /ω 0 . Letting f e be the fraction of the Penning ionization within the low-field electron cloud, then from (2) the hot-electron balance is
The ion balance is given from (3) 2γ
The metastable balance is given from (4)
Substituting K hm n h n He d from (13) into (15), we obtain
Solving this for K P n m n N 2 l and substituting into (14), we obtain
Since (5) shows that w ∝ n e to a good approximation (except for the weak dependence of w on λ Ds through E 1/6 s , which makes w actually scale as n 13/12 e ), the n e dependences on the left and right sides of (17) cancel. If the term in square brackets is set to zero, then warm electron ionization is no longer required to maintain the plasma, leading to the collapse of T e . Setting this term to zero and solving for M P , we obtain the condition
For γ → 0, we find M P = 1 + f e ; i.e. the multiplication must replace the bulk fraction f e of the Penning ionization in the discharge. For the homogeneous model with f e = 1/2, we have M P = 3/2. The condition (18) is plotted in figure 6 for the homogeneous model assumptions f e = 1/2 and γ = 0, 0.1 and 0.25. The PIC simulations for the base case also show f e ≈ 1/2 at the transition. Because the first Townsend coefficient α in (10), which determines the multiplication factors in (11) and (12), depends strongly (exponentially) on the peak sheath electric field given in (7), the condition (18) for the α to γ transition and collapse of the warm T e occurs at a particular value of E peak = E peak,T and weakly depends on other discharge parameters. Since for |κ I | 1 we find from (7) that
From (19), we expect that the transition value of J is proportional to the rf frequency, which we will see in section 4.
In the α mode with M P ≈ 1 and setting γ = 0, we can solve (13) and (15) for the ratio n h /n e , obtaining
Setting f e = 1/2, for T h significantly greater than T e , n h n e since K m and K hm are exponentially dependent on temperature. However, the total production of metastables by the hot and warm electrons is comparable since K hm n h ≈ K m n e for f e ≈ 1/2.
Electron power balance and CL sheath
The ohmic heating of the warm component dominates the total electron energy absorption, which is balanced almost entirely by the elastic scattering energy loss against the neutral helium. The warm electron power balance is then found from (A10), assuming that the inelastic losses are small (ζ ≈ 1 in equation (A8) 
The second term on the right-hand side can be important at low currents and high frequencies, as will be seen in the next section; it essentially represents a phase shift between J and E [16] . However, in most cases, we have the simpler result 
showing that n e scales as 1/ √ T e at fixed current, independent of frequency. As the rf current is increased, the collapse of T e through the α to γ transition then leads to a greater than linear increase in density with current. Before the collapse, the warm temperature T e is roughly constant as the rf current increases. Then (22) gives the scaling n e ∝ J . In the transition region of the collapse, T e rapidly decreases, and n e then increases more rapidly than linearly with J , as seen in the PIC simulations. Finally, deep within the collapse region, we would expect that T e ≈ const, perhaps set by the background gas temperature or hot-to-warm electron energy transfer processes. We would then again expect to see n e ∝ J , but with a different (larger) constant of proportionality. This behavior is clearly seen for the standard case in figure 7(b) .
Although the maximum sheath width s m = 2J /(eωn i ) is used in the homogeneous model to determine the discharge dynamics and electric fields (see appendix A), the PIC simulations indicate that the sheath has a CL structure, with significant generation of ion flux within the sheath (see appendix B). The product of CL sheath width s CL and wall flux w is found from (B7) to be
where w is given in (5) and K CL is a constant which depends on the ion source profile. K CL = 3/2 or 9/8 for a uniform or triangular ion source profile in the sheath, and K CL = 3/4 when all ions enter at the plasma-sheath edge (no ion source within the sheath). The factor of 2 change in K CL indicates a corresponding sensitivity of the equilibrium results to the ion source profile, as will be found and further discussed in the next section.
Comparison of PIC and model results
In this section we compare the space-and time-averaged PIC results to those obtained from the hybrid two-temperature homogeneous discharge model. In the first subsection, we examine the variation with rf current, spanning the space from a low current of 400 A m −2 , where there is very little multiplication in the sheaths to 6000 A m −2 with significant multiplication. This spans the range from a situation in which the warm electron component in the bulk plasma plays a significant role in supporting the helium metastable excitation, to a situation in which sufficient sheath multiplication occurs to cause the warm temperature to drop to a low value at which it plays no significant role in the excitation process. In the second subsection, we examine the variation with the driving frequency, spanning the range from 13.56 to 40.68 MHz. Some results with He/0.3%N 2 are discussed, both in order to examine the scaling with trace gas percentage, and as the experimentally interesting range of 0.1-0.3%N 2 maximizes the atomic nitrogen production [27, 28] . The PIC values for the globally averaged T e in this section are obtained by using the T e (x) profiles from section 2 and performing the following particle-weighted average:
Variations with rf current
In figure 7 we compare the PIC (circles) to the model for the triangular source of He * in the sheath (triangles) and for a uniform source (squares). In figure 7(a) we show a density-weighted average T e . The model indicates, as expected, a relatively constant T e , where condition (18) that multiplication suppresses the temperature of the warm electrons is not satisfied. This is followed by a rapid decrease in the temperature with increasing J ; i.e. as M P and M γ become increasingly important. The average T e in the PIC falls more gradually, but begins almost at the lowest rf currents, resulting from a complex set of effects, that can be qualitatively understood from the PIC profiles in figures 2 and 3. In the model, if the multiplication is shut off, T e (diamonds) follows the same path from low J 's up to the highest J 's, confirming that the drop in T e results from the multiplication. The consequence for the average n i ≈ n e is seen in figure 7(b) , which from (22) indicates that n i ∝ J if T e is constant, but n i increases faster in the transition region where T e is falling. Then n i resumes the linear scaling at the highest currents, where T e is again constant but at a low value. As expected, if the multiplication is shut off in the model, the low J linear scaling of n i with J continues through all values of J ; other diagnostics behave in a similar manner. The comparison with PIC shows the n i transition at smaller J , corresponding to the earlier drop in T e .
The sheath widths given in figure 7(c) , show the usual consistency with increasing J (and n i ) in the model, until the multiplication becomes important. For the higher values of J , the sheath width drops to lower values, as also seen in the more usual α to γ transition. There are also differences between the s CL values for the uniform and triangular ion source profiles in the sheaths, which can be qualitatively understood from (23), which shows s CL ∝ K CL / w . There is a larger w in the uniform source case as seen in figure 7(d) , but also a larger K CL . We have also plotted the considerably smaller homogeneous maximum sheath width s m (crosses). Before discussing figure 7(d), we comment on interesting comparisons with PIC values. At the lowest J = 400 A m −2 , the PIC average T e and sheath width s m values are close to the triangular source model values as seen in figures 7(a) and (c). However, for increasing J , the PIC s m falls (as does the PIC T e ) and crosses the uniform source model curve at about J = 950 A m −2 . This is consistent with our PIC results, where we observed that the source, primarily Penning ionization, moves from peaking near the plasma-sheath boundary to peaking in the center of the sheaths and adopting a more uniform sheath profile as J increases from low to intermediate values. This trend can also be observed in figure 2 when comparing the He * profiles at J = 400 and 2000 A m −2 . At the highest J values in figure 7(c) , the PIC values start to move back toward the triangular source model. This is also consistent with our PIC results, where we observed the peak of the Penning ionization rate profiles to shift again toward the plasma-sheath boundary at the highest J values. Thus, we conclude that if we take the change in source profile into account, the model reasonably follows the PIC results.
The results for the model wall flux in figure 7(d) show the general proportionality w ∝ J 11/6 at low J as expected from (5) In figure 7 (e), the average metastable densities n m are given. The positive ion balance (3) shows that n m ∝ w , and since w ∝ J 11/6 , n m also scales as J 11/6 . This near quadratic scaling is verified for the values of J for which the multiplication is small (M P ≈ 1, M γ ≈ 1). The effects of the multiplication modify the scaling, both directly as seen in (3), and also indirectly through the more rapid increase in w within the transition.
The power absorbed by electrons per unit area scales as S e ∝ n e T e from (A10). Using (22) to substitute for n e gives S e ∝ J T e 1/2 . Then S e increases linearly with J for constant T e at low J , where multiplication is negligible as seen in figure 7 (f ). At higher J , multiplication occurs and the bulk warm temperature T e collapses, resulting in the flattening of the S e curve. Compared with the model, the flattening of the S e curve occurs at lower J in PIC because T e collapses at a lower J .
At 27.12 MHz, we did simulations at 0.3% N 2 and found that the metastable density is about 1/3 that of the 0.1% N 2 case, in agreement with the ion balance equation (14) . All other PIC equilibrium parameters are roughly the same. Additionally, simulations done for the base case but with ion-impact secondary electron coefficient γ = 0, showed minimal differences at low currents, as expected. The α to γ transition occurs at slightly higher currents, as expected. At high currents, there are some differences. At 3000 A m −2 , e w = 320 A m −2 at γ = 0, compared with 400 A m −2 at γ = 0.25. This leads to a larger sheath width at γ = 0 in agreement with (23) . The larger sheath width also results in a larger V dc .
Finally, we emphasize that most of the results shown for the model are consequences of the homogeneous solution. The wall flux w , used in the model, is taken from the subsidiary CL calculation (appendix B) using a value of n is = n i , where n i is the homogeneous model ion density. The PIC n is is about 0.8 of the average PIC ion density, which is one source of discrepancy between PIC and model results. The values of s CL , found in figure 7(c) from the CL calculation, do not appear in the homogeneous model calculation. The separate value of the maximum homogeneous sheath width s m used in the model is significantly smaller than s CL , as seen in figures 7(c) and 8(c). This discrepancy is also a source of the differences between the model and PIC results. The dc voltage across the sheath, V dc in the CL sheath calculation (not shown), tends to follow S e in variation. The values are V dc ≈ 25 V at 400 A m −2 , rising linearly with J and flattening in the multiplication region to V dc ≈ 150 V (triangle source), V dc ≈ 100 V (uniform source) and V dc ≈ 75 V (PIC). As with s CL , V dc is not used in obtaining the homogeneous model solutions.
Variations with rf frequency
We contrast the results above, for 27.12 MHz, with the 13.56 MHz case, in figure 8 , for the first four panels. For the average T e in figure 8(a) , we find a rapid fall of T e with increasing J , for both the model and the PIC. In contrast to the higher frequency, this implies a more rapid onset of multiplication which collapses the warm temperature. Without multiplication T e remains fairly constant, as shown. The α to γ transition in J due to the multiplication scales as ω, in agreement with the theoretical result (19) . From the PIC data, taking as a transition condition that T e drops by a factor of 2 from its low-current value, we find from (19) that the values of J at the transition for each frequency correspond to E peak,T ≈ 2.3 × 10 6 V m −1 . This confirms our understanding that the multiplication, and therefore the transition, depends primarily on E peak . The condition that T e drops by a factor of 2 is equivalent to the bracketed term in (17) becoming very small. Thus, it corresponds to the usual transition from the α to the γ mode.
Before the collapse, at the lowest current 400 A m −2 , the 13.56 and 27.12 MHz T e 's are roughly the same as are the densities, confirming (22) that the electron power is independent of frequency. The collapse of T e at small J for 13.56 MHz is reflected in the average n i , shown in figure 8(b) , which increases, even at relatively small J , faster than linearly. When multiplication is suppressed in the model, the simple linear scaling is found. The flux is also larger at 13.56 MHz since from (B15) w ∝ (J /ω) 5/6 n is 13/12 . The larger w is confirmed in figure 8(d) . As a consequence, the metastable density is also larger, since from (3) the Penning ionization must balance the larger wall losses.
To quantitatively examine the frequency effects, we plot in figures 9 and 10 the results versus frequency at a low current of 400 A m high and nearly constant over the entire range, indicating that multiplication is small and that the discharge remains in the α-mode. In contrast, at high current, figure 10(a) shows that T e increases with frequency, indicating a transition from γ mode at 13.56 MHz to α mode at 40.68 MHz. This is not surprising and confirms the scaling in (19) that J ∝ ω for the α to γ transition. Such a transition has also been seen both in simulations [29] and in experiments [3] for a pure helium feed gas. Figure 9 (b) indicates that the electron density decreases weakly with frequency. This can be understood from the electron power balance (21) , since at the small J and with T e ≈ const, the second term gives the decrease in density with frequency seen in both the PIC data and the model. The model density is higher than the PIC density because the model density is uniform, i.e. does not account for the drop in density within the CL sheaths, as seen in the PIC data. At the higher current, the second term in (21) becomes negligible, and we see in figure 9 (b) the scaling n e ∝ 1/ √ T e as in (22) . At low current both the sheath width and the ion flux decrease with increasing frequency, as seen in figures 9(c) and (d). From (B15), we expect that w ∝ (J /ω) 5/6 n is 13/12 , which is roughly seen in figure 9(d) . The sheath width scaling (23) is also roughly seen. However, the PIC data show a shift from a uniform ion source profile at 13.56 MHz to a more triangular source at the two intermediate frequencies; then, to a source mainly within the bulk plasma at the highest frequency of 40.68 MHz. In contrast, at the higher current, the sheath width in figure 10 (c) increases with frequency, while w in figure 10(d) decreases. These data reflect the transition from the γ to the α mode with increasing frequency. Because n i falls rapidly during this transition, the flux w falls correspondingly, although the effect is seen more in the model than in the PIC. The sheath width s CL ∝ −1 w , so the sheath width increases.
To examine these shifts, we plot in figure 11 the CL sheath coefficient K CL from (23) versus f , using the PIC data given in figures 9(c) and (d). As expected, at a low current of 400 A m −2 , K CL falls continuously as f increases (circles). At a higher current of 3000 A m −2 (squares), the PIC data show an ion source profile shift opposite to the low-current case; i.e. the source is mainly within the bulk plasma at low frequency, and shifts toward a uniform profile in the sheath at the highest frequency. 
Conclusions and further discussion
We previously developed a global model to study atmospheric pressure capacitive discharges using a helium gas feed with a small admixture of a reactive gas. However, the model neglected high-power effects such as electron multiplication in the sheaths. In this paper, we improve the model to include these effects and then compare the model to 1D PIC simulations. The new model has two electron classes: higher temperature 'hot' electrons associated with the highfield sheath regions and cooler 'warm' electrons associated with the plasma bulk and the low-field sheath regions. There is also a separate Child law sheath calculation to determine the wall flux w self-consistently. We mainly studied an atmospheric pressure He/0.1%N 2 parallel-plate discharge with a 1 mm gap. When the input rf current was varied from J = 400 to 6000 A m −2 , the discharge transitioned from a lowpower discharge with essentially no sheath multiplication to a high-power discharge in which electron-ion pair production is dominated by sheath multiplication. As we raise the frequency from 13.56 to 40.68 MHz, this transition occurs at increasingly higher J . In addition to validating the global model results, the PIC simulations supply interesting spatial information that can be used to improve global model accuracy. Some important conclusions that can be drawn from a combination of the PIC and global model results, as well as their analytical scaling, are given below.
(1) A two-temperature model with hot and warm electrons and sheath multiplication can be used to explain the PIC results over a wide range of currents and frequencies. The hot-electron density n h is always much lower than n e , but the production of the helium metastables by the hot and warm electrons may be comparable in the α mode and is dominated by the hot electrons in the γ mode. (2) Most of the electron-ion pair production is due to Penning ionization, which is generally over an order of magnitude greater than electron-impact ionization. About half of the Penning ionization occurs in the high-field sheath regions, and the rest in the bulk and low-field sheath regions. (3) There is an α to γ transition with increasing rf current or decreasing rf frequency. It occurs when the electron multiplication in the high-field regions becomes equal to the Penning ionization in the bulk and low-field sheath regions. The transition condition is 2J /(ω 0 ) = E peak,T ≈ 2 × 10 6 V m −1 , where E peak,T is the spaceand-time-maximum sheath electric field at atmospheric pressure. The signature of the transition is the collapse of T e in the plasma bulk. (4) As seen from (22), n e ∝ J /T e 1/2 . Therefore, n e increases faster than linearly with J through the transition. At fixed J and decreasing frequency, the increase in n e after the transition is equal to the square root of the ratio of T e before and after the collapse of T e in the bulk. This increase can be quite large and results in a reduction in the sheath width. (5) A Child law sheath, with ion generation in the sheaths, gives reasonable estimates of the sheath widths and the ion losses to the walls. (6) There are significant ion source profile effects on the transition condition and equilibrium quantities (up to a factor of two). At low currents and low frequencies, most of the metastable helium and therefore the Penning ionization is spread over the sheaths; as the frequency increases, the ionization moves toward the bulk-sheath boundary. At high currents and low frequencies, the Penning ionization peaks near the bulk-sheath boundary; as the frequency increases the ionization moves toward the central sheath regions. A triangular ion source in the sheaths is found to be a reasonable choice over the range of currents and frequencies considered.
The homogeneous model fields, sheath widths and densities cannot fully capture the corresponding PIC results. For example, at a given frequency, the α to γ transition occurs at a somewhat different current in the model and the PIC simulations, a difference that varies with frequency. The use of an additional Child law sheath calculation to determine the ion wall flux self-consistently with the homogeneous model calculation partly mitigates the discrepancies between the model and the PIC results.
where T e is the electron temperature in volts, ν is the electronneutral elastic collision frequency, m e and m He are the electron and neutral helium masses, ν j are the inelastic collision frequencies, E j are the inelastic energy losses in volts per collision, and P c (t) is given by (A4). To incorporate the inelastic energy losses into the model, a correction factor ζ to ν is introduced,ν = ζ(2m e /m He )ν with ζ = 1 + j m He 3m e ν j E j νT e .
The solution for T e was obtained as
where T e0 = P c0 /ν , T e1 = P c0 /(4ω 2 +ν 2 ) 1/2 , P c0 = 2P c /3en e , and φ 0 = θ + arctan(2ω/ν ). The temperature oscillates between the minimum value T emin = T e0 − T e1 and the maximum value T emax = T e0 +T e1 at twice the rf frequency. The time-average energy balance is 
The rate coefficients for electron-activated processes with high activation energies E a are strongly affected by the oscillating electron temperature. Expressing the Maxwellian rate coefficients in the form K = K 0 exp(−E a /T e ), where the pre-exponential factor K 0 is a weak function of T e , then the mean rate coefficient was determined by averaging over the oscillating temperature, with K 0 set to its maximum value, to be
where erfc is the complementary error function.
The density n is at the joining phase is found from (B8) to be n is = N
